We construct a copula from the skew t distribution of Sahu, Dey & Branco (2003) . This copula can capture asymmetric and extreme dependence between variables, and is one of the few copulas that can do so and still be used in high dimensions effectively. However, it is difficult to estimate the copula model by maximum likelihood when the multivariate dimension is high, or when some or all of the marginal distributions are discrete-valued, or when the parameters in the marginal distributions and copula are estimated jointly. We therefore propose a Bayesian approach that overcomes all these problems. The computations are undertaken using a Markov chain Monte Carlo simulation method which exploits the conditionally Gaussian representation of the skew t distribution. We employ the approach in two contemporary econometric studies. The first is the modeling of regional spot prices in the Australian electricity market. Here, we observe complex non-Gaussian margins and nonlinear inter-regional dependence. Accurate characterization of this dependence is important for the study of market integration and risk management purposes. The second is the modeling of ordinal exposure measures for 15 major websites. Dependence between websites is important when measuring the impact of multi-site advertising campaigns. In both cases the skew t copula substantially out-performs symmetric elliptical copula alternatives, demonstrating that the skew t copula is a powerful modeling tool when coupled with Bayesian inference.
Introduction
Copula modeling is an effective and popular approach for constructing multivariate distributions. It involves two stages: first, the selection of the appropriate distributional form for each margin, which can be continuous or discrete. Second, dependence between marginals is specified through a parametric copula function. This is a general and computationally tractable approach. Joe (1997) and Nelsen (2006) review copula models and their properties, while Trivedi & Zimmer (2005) discuss the use of copulas in microeconometric modeling.
Copula models are particularly popular in finance and actuarial science; see Cherubini, Luciano & Vecchiato (2004) and McNeil, Frey & Embrechts (2005) for introductions to financial applications of copulas and Frees & Valdez (2008) for a recent application to actuarial science.
One of the most promising uses of copulas is for the analysis of high-dimensional data.
However, while there are many bivariate copulas, the number of higher dimensional copulas is limited. In this situation copulas constructed from underlying elliptical distributions are popular, such as the Gaussian (Song 2000) or t (Demarta & McNeil 2005) copulas. They scale to higher dimensions because the number of dependence parameters increases only quadratically with dimension. Nevertheless, a major drawback of elliptical copulas is that the form of dependence can be overly restrictive. For example, the Gaussian copula can fail to adequately capture dependence between extreme events; see Longin & Solnik (2001) and Bae, Karolyi & Stulz (2003) for financial examples.
One solution is to use a sequence of bivariate copulas to construct a multivariate copula (Bedford & Cooke 2002) which has recently been labelled a 'pair-copula' (Aas et al. 2009; . While these are flexible, an ordering of the multivariate vector is required, which is not always obvious, except in specific cases such as for the analysis of longitudinal data ). An alternative is to construct a copula using one of the various skew-elliptical distributions. Demarta & McNeil (2005) were the first to suggest this using a specific asymmetric t distribution. We extend this idea and construct a copula from skew t distributions that are formed from hidden truncation, which are currently the most popular type (Genton 2004) . In particular, we employ the multivariate skew t distribution of Sahu et al. (2003) , although the method extends readily to that of Azzalini & Capitanio (2003) as well. We derive the resulting copula density in closed form, but observe that the likelihood is computationally difficult to evaluate as the dimension increases, so that maximum likelihood estimation is difficult. Moreover, maximum likelihood estimation is also difficult when one or more of the margins is discrete, or if estimation of the copula parameters is undertaken joint with the parameters of the marginal models.
Therefore, we develop a Bayesian approach to compute inference with Markov chain Monte Carlo (MCMC) sampling used to evaluate the posterior distribution. We follow Sahu et al. (2003) and represent the skew t distribution as Gaussian, conditional upon latent variables, which we generate explicitly in sampling scheme. We observe that the copula function is a mixture of Gaussian distribution functions over these latent variables, not a mixture of Gaussian copula functions as one might initially suspect. Our approach applies to any combination of continuous or discrete-valued marginals, where for the latter additional latent variables are generated as outlined in Danaher & Smith (2009) . We carefully derive the conditional posterior distributions of the copula and marginal parameters separately when the margins are continuous or discrete-valued, so that Metropolis-Hasting (MH) steps can be used. The method generalizes the work of Pitt, Chan & Kohn (2006) , who consider Bayesian inference for the Gaussian copula. We show how to compute tail dependence measures, Spearman correlations, and how to select from different copula models using Bayesian predictive density cross-validation.
We demonstrate that the skew t copula can capture dependence more accurately than the widely used symmetric t copula with two contemporary econometric studies. The first involves constructing the distribution of daily electricity spot prices in the Australian wholesale market. This market has five regions, and we model each regional price using asymmetric and heteroscedastic marginal regression models that capture the strong signal in the first and second moments of prices that has been observed in recent studies (Weron & Misiorek 2008; Koopman, Ooms & Carnero 2007; Panagiotelis & Smith 2008) . If the five regions are well integrated, regional prices should be highly dependent. Using a skew t copula we measure the inter-regional dependence and find some regions to have prices that are highly dependent, but others that are less so, indicating the existence of major market imperfections.
Importantly, because of both the physics of electricity transmission and market dynamics, the dependence between regional prices is also likely to be highly nonlinear. Our analysis confirms this, with the skew t copula identifying strong asymmetry in the tail dependence.
The improved fit of the skew t allows for more reliable computation of tail probabilities, which are important for both assessing the level of market integration during high demand periods, and also for improved risk management.
The second study involves multivariate ordinal-valued data. Univariate models for such data are popular in applied econometric analysis (Cameron & Trivedi 1998) , and the use of copulas extends this to multivariate modeling (Cameron et al. 2004; Danaher & Smith 2009 ).
We model online exposure at the top 15 U.S. websites of 2007 as marginally negative binomial, with a skew t copula to capture inter-website dependence. The focus is on the total exposure count across all 15 websites. This is because of the industry practise of placing banner advertisements on multiple websites, with the objective being the maximization of total exposure across them all. Danaher (2007) shows that capturing dependence between websites is crucial to the accurate modeling of total exposure. Our analysis shows that the skew t copula provides a substantial improvement in the modeling of inter-site dependence, compared to the symmetric t copula. An important result is the more accurate computation of marketing 'reach' (the probability of any exposure) across all sites.
The remainder of the paper is organised as follows. Section 2 introduces copulas, the skew t distribution, and the conditionally Gaussian representation. The skew t copula is then defined and its mixture representation derived. Section 3 outlines Bayesian estimation and inference when the margins are continuous and Section 4 contains the Australian electricity market study. Section 5 extends the Bayesian methodology to the case where the margins are discrete, and employs the method to analyse the website exposure data. A discussion concludes, while the Appendix contains some implementation details.
Skew t Copula

Copula Functions
The function ( 1 , ..., ) is called a copula function if it is a distribution function with each of its margins uniformly distributed on [0, 1] . That is, ( ) = Pr( 1 ≤ 1 , ..., ≤ ), with each , for = 1, . . . , , uniformly distributed on [0, 1] and = ( 1 , . . . , ). Sklar (1959) proposed and named the concept of a copula and Joe (1997) and Nelsen (2006) (Fang, Fang & Kotz, 2002) . Elliptical copula can be understood as a transformation from ∈ ℛ , which is elliptically distributed, to a dependent random vector on [0, 1] . The copula captures dependence via the correlation matrix of the elliptical distribution. In this paper we instead construct a copula by employing a skew t distribution function for . A skew t copula can therefore be understood as a transformation from , which is skew t distributed, to , which also inherits the dependence structure.
Skew t Distribution and Copula
Elliptical distributions have been generalized to incorporate skewness by a number of authors;
see Genton (2004) . Here, we focus on the skew t distribution proposed by Sahu et al. (2003) , which has the conditionally Gaussian representation outlined below. However, we note here that the method can also be applied to other skew-elliptical distributions with conditionally Gaussian representations. Suppose and are both ( × 1) with a joint multivariate t distribution with zero mode, degrees of freedom , and scale matrix Ω, which we write as
Here, = diag( 1 , . . . , ) is a diagonal matrix and Γ a ( × ) positive definite matrix. Then the skew distribution for is defined to be the distribution of , conditional upon all the elements of being positive, which we write as ( | > 0). Sahu et al. (2003) show that the resulting density is
, and ( ) = ′ (Γ + 2 ) −1 ; see also Panagiotelis & Smith (2010) .
In dimension , ∈ ℛ controls the level of asymmetry, with symmetry occuring when = 0. To evaluate equation (2.4), it is necessary to compute the term Pr( > 0; ) numerically. While there are developments in this area (Genz & Bretz 2002) this is still difficult in even moderate dimensions. Sahu et al. (2003) give the first and second moments of the skew t distribution, which are functions of = ( 1 , . . . , ) ′ , with Panagiotelis & Smith (2008) . When → ∞, the skew t converges to a skew Gaussian with density
where is the density of a (0, ) distribution and
. For the skew Gaussian the mean is ★ = (2/ ) 1/2 and the variance Σ ★ = Γ + 2 . Let = {Γ, , } and diag(Γ) = (1, . . . , 1) for the rest of the paper. It can be shown that each margin is also skew t with density ( ; 1, , ), which we denote more concisely as , ( ; , ) . Closure under marginalization is a useful feature for constructing a copula.
From equations (2.1) and (2.2), the skew t copula function is ( ; ) = ( ; ), with
.
(2.8)
Here, ( ; ) is the distribution function of the skew t at equation (2.4) and = −1 , ( ; , ) is the inverse distribution function of margin evaluated at . The latter is computed numerically using Newton's method, which provides accurate estimates within three or four iterations.
Note that while the skew t distribution has non-zero mean ★ , the parameters in the skew t copula are identified by setting the elements along the leading diagonal of Γ to ones. When the skew parameters = 0, so that = 0, the skew t copula is a symmetric t copula. When → ∞ the skew t copula converges to a skew Gaussian copula, with a density function that we label . When both → ∞ and = 0 the skew t copula corresponds to the standard Gaussian copula.
To illustrate the dependence structure, Figure 1 plots contours of bivariate distributions obtained from skew t copulas with = 5, the off-diagonal element Γ 12 = 0.95 and (0, 1) margins. The parameters affect the dependence structure substantially, highlighting two points. First, while controls the level of skewness in = ( 1 , 2 ), it determines (joint with Γ and ) the form of dependence between = ( 1 , 2 ). Second, the skew t copula accounts for a broader form of dependence than the symmetric t copula depicted in the central panel of Figure 1 . Last, we emphasise that skew or heavy tails in a distribution do not result from adopting a skew t copula. These result from the choice of marginal distributions, which can also be skew t or something altogether different.
-- Figure 1 about here--
Conditionally Gaussian Representation
Estimation and inference for the parameters of the skew t distribution is simplified by employing the augmented distribution at equation (2.3), conditional upon the constraint > 0.
, of which the margin in is skew t. In this formulation | = ∼ ( ,
, the indicator function ( > 0) = 1 if all the elements of are positive, and zero otherwise, and ( ) is a (0, , ) density.
It is possible to work directly with this conditionally t representation. However, to further simplify the problem, we follow many authors and represent the t as a scale mixture of normals. If ∼ Gamma( /2, /2), then the joint distribution of ( , , ), with the constraint > 0, has density
The margin in is skew t, with density equal to
If follows from equation (2.9) that the skew t copula function has a mixture representation
, where Step 1:
Step 2: Generate ∼ (0, 1 ) constrained such that > 0
Step 3:
Step 4: Set = , ( ; , ) for = 1, . . . ,
In
Step 4 the marginal distribution function
computed rapidly and accurately using univariate numerical integration, while
Step 2 can be undertaken by rejection sampling or other method.
Bayesian Estimation
Priors
Bayesian estimation requires the specification of prior distributions for the copula parameters . From equation (2.6), when = 0, Γ is the correlation matrix of , but when ∕ = 0, Γ is no longer the correlation matrix of , but is still a matrix of ( − 1)/2 dependence parameters. We follow Pitt et al. (2006) and adopt a prior on Γ that is implied by a uniform prior for , with Γ −1 = , where is a correlation matrix and is a diagonal matrix such that 2 = ( −1 ) . The reason we use this prior is that Wong et al. (2003) show this is equivalent to a uniform prior on the matrix of partial correlations, and because one at a time sampling of the elements of is straightforward using accurate normal approximations. Barnard, McCulloch & Meng (2000) and Danaher & Smith (2009) places nonzero weight on both heavy tailed and near Gaussian distributions for . Because the marginal models are application specific, so are the priors on the marginal parameters, although we adopt either weak or non-informative priors in our empirical work.
MCMC Sampling Scheme
We exploit the conditionally Gaussian representation of the skew t, and use MCMC to Step 1. Set = −1 , ( ( ; ); , ) for = 1, . . . , and = 1, . . . , .
Step 2. Sample one at a time from ( | , , { ∖ }) for all .
Step 3. Sample one at a time from ( | , , { ∖ }) for all , .
Step 4. Sample 1 , . . . , , each one at a time using random walk MH steps.
Step 5. Sample from (Γ| , { ∖Γ}, ) using the method of Pitt et al. (2006) or alternative.
Step 6. For all , sample from ( | , , , {Θ∖ }) as a block using MH.
For Step 1, each univariate distribution function
, is computed using numerical integration, and the inverse
, using Newton's method, both of which prove rapid and accurate. Conditional upon , Steps 2 and 3 are straightforward and given in the Appendix.
Step 5 is discussed in Pitt et al. (2006) and Wong, Carter & Kohn (2003) , while Barnard et al. (2000) and Danaher & Smith (2009) provide sampling methods for their priors for Γ.
See Robert & Cassella (2004, pp. 287-291) for an overview of the random walk MH algorithm. At Step 4 this requires derivation of the conditional posterior of ( , ) as follows.
, where ℎ = / . Then, by transforming variables,
where | , ∼ ( , 1 Γ) and , ( ; , ) are univariate skew t as outlined in Sec-tion 2.2. From equation (3.2), the conditional posterior can then be derived as
where ( ) and ( ) are the prior densities for and .
Step 6 generates each as a block using a MH step with a multivariate t proposal.
Following Pitt et al. (2006) the mean of the proposal is set equal to the maximum conditional posterior, the scale equal to the negative inverse of the information matrix and 6 degrees of freedom. The mode and information matrix are both obtained using Newton-Raphson iteration. Assuming prior (Θ) = ∏ ( ), from equation (3.2) the conditional posterior is:
Posterior Inference
The sampling scheme converges to produce iterates
. . , , which are used to estimate the posterior distribution of functionals of interest.
We employ the posterior means of the model parameters as point estimates, along with the corresponding posterior probability intervals as measures of uncertainty. Of particular interest is the correlation matrix Unlike symmetric elliptical copulas, the skew t copula has different upper and lower tail dependence, which we measure by
Denoting ∖{ , } as the elements of omitting { , }, the Bayesian estimate of the lower tail dependence of the fitted distribution is
where the integral is approximated using the Monte Carlo iterates of and ∖{ , } . To evaluate the conditional probability, note that = −1 , ( ; , ), = 1, . . . , , so that
where
Because ∼ ( , 1 Γ), the conditional probability in equation (3.4) is that of a univariate normal.
The posterior mean ( upper ( )| ) is estimated similarly. We note here that computing the indices of tail dependence, which correspond to the dependence measures when → 0, is difficult here because of the mixture representation of the copula function in equation (2.10).
Bayesian Cross-Validation
We use a 5-fold predictive Bayesian cross-validation (BCV) criterion (Rust & Schmittlen 1985) to judge the fit of different copula models as follows. The data are partitioned at random into 5 approximately equal sized parts, setting the validation sample ( ) to one part and the training sample ( ) to the remaining data, for each partition = 1, . . . , 5. For continuous data, if ( ( )| ( )) is the predictive density under model of the validation sample given the training data, andˆ( ( )| ( )) is it's approximation, then the 5-fold predictive BCV criterion for model is the geometric mean
. We repeat this for 50 different randomly generated partitions and compute the geometric
, where BCV ( ) is the value of BCV for the th replicate. Models with higher value for this criterion are preferred to those with a lower value.
Using the 50 replicates of the 5-fold predictive BCV metric for two models, pairwise tests for the difference in the means are employed to confirm that any differences are significant.
For the skew t copula we compute the predictive density under model as 
Electricity Spot Price Modeling
The Australian National Electricity Market
We fit a copula regression model for daily electricity spot prices in the Australian National Electricity Market (NEM). This is a wholesale market for the sale of all electricity in eastern and southern Australia. It is geographically the largest inter-connected power system in the world, covering a distance of over 4000 kilometres. There are five regions in the NEM: dependence between prices. This indicates that inter-regional trade goes some way to align prices, but nevertheless prices can still differ substantially between regions. This is because inter-regional transmission can be limited by HVDC interconnector capacity, and because of short term bidding behaviour by generating utilities.
Throughout, the form of cross-sectional dependence between log-prices appears highly nonlinear. This is particularly apparent between TAS and the other four regions, but is also the case for other pairs of regions including NSW and VIC, which are the largest regions in the NEM. We aim to show that this nonlinear dependence is better captured by the skew t copula than the symmetric copula alternative. Accurate characterisation of this dependence is important for a variety of reasons. These include the hedging activities of participating utilities and third party participants in the NEM. It can also highlight pairs of regions where there is potential for increased inter-regional trade in electricity due to higher levels of price misalignment.
-- Figure 2 about here--
Inter-Regional Copula Heteroscedastic Regression Model
Because electricity is a flow commodity, the ability to arbitrage over time is severely limited and the analysis of time based returns makes little sense. Studies therefore focus on spot prices themselves; for example, see Knittel & Roberts (2005) and Koopman et al. (2007) .
Moreover, unlike equities, electricity spot prices are well known to have a very strong predictable component. This includes annual and weekly periodicity and day type effects in both the level and volatility of average daily prices; see Nowicka-Zagrajek & Weron (2002) , Panagiotelis & Smith (2008) , Karakatsani & Bunn (2008) and Weron & Miserok (2008) .
We model the logarithm of prices using an inter-regional copula with heteroscedastic regressions for each margin. For each region the logarithm of price on day follows the
Here, are exogenous variables and and are margin specific linear coefficients for the first and second moment of prices, respectively. We assume { 1 , . . . , } to be independently distributed either univariate symmetric or skew t, normalized so that Var( ) = 1 and ( ) = 0. We denote the skew parameter and degrees of freedom for margin as and . The exogenous variables we consider are time-based and it is through these that serial dependence in both moments is captured. They include an intercept and the seasonal harmonics {sin(2 ), cos(2 ); = 1, 2, 3, 4}, where 0 ≤ < 1 is the time of year. Also included are 17 or 18 day type dummy variables, one for each day of the week and either 10 or 11 for the public holidays in each region. These 5 heteroscedastic regressions define the marginal distributions ( ; ) with parameters = { , , , } for the skew t, and = { , , } for the symmetric t.
To account for inter-regional dependence in prices we consider the following four copula models for ( 1 , 2 , . . . , 5 ):
• Model A: Symmetric t margins with symmetric t copula;
• Model B: Skew t margins with symmetric t copula;
• Model C: Skew t margins with skew Gaussian copula; and,
• Model D: Skew t margins with skew t copula.
These define four multivariate distributions for the vector = ( 1 , . . . , 5 ) ′ of log-prices.
Inter-regional price dependence is captured by the copula parameters , marginal tail behaviour by , and marginal asymmetry in Models B, C and D by . Employing skew t margins in these three models is unrelated to the choice of copula. Model D is the most general and nests the other models. We are interested in the question of whether, or not, the models with skew-elliptical copula capture inter-regional price dependence better than those with symmetric copula.
Marginal Estimates
The four copula regression models are each fitted using the MCMC algorithm in Section 3, and we first focus on the estimates of the margins. we obtain estimates of the heteroscedastic-corrected disturbancesˆ. We find no evidence for serial dependence, nor for autoregressive heteroscedasticity, in any of these five residual series using lags up to 7 days at a 5% significance level.
1 The serial dependence in the first two moments of prices therefore appears well captured by the time-based covariates.
The posterior mean estimates of { , } are reported in the top of Table 1 . Even after a logarithmic transformation, all five marginal distributions are asymmetric and heavier tailed than a Gaussian 2 , which is consistent with other analyses of electricity price data (Panagiotelis & Smith 2008; Weron & Misiorek 2008) . Histograms of the probability integral transformed data were close to uniform, again suggesting the marginal models are suitable.
The marginal parameters of Models B, C and D are perturbed only slightly by the choice of copula.
-- Figure 3 and Table 1 about here--
Copula Estimates
The bottom of 2 One way to measure the heaviness of extreme tails is to use the power law exponent. The power tail behaviour of both the skew t of Azzalini & Capitanio (2003) and Sahu et al. (2003) is the same (Fung & Seneta 2010; Eqn.28) , and have power law exponent equal to the degrees of freedom . copula dominates the skew Gaussian of Model C. For both skew copulas the estimate of is located far away from the zero vector, indicating that the nonlinear dependence apparent in Figure 2 is better fit by a skew-elliptical copula than a symmetric elliptical copula. Also reported in the last row of Table 1 is the BCV criterion for each model, which further suggests that Model D dominates the other three models. This is confirmed as significant by pairwise tests of the 5-fold BCV metric, so that the extra flexibility of the skew t copula appears warranted. To highlight the substantial difference between the fitted distributions, Figure 4 plots the contours of the bivariate distribution of log-price for NSW and VIC for all models -- Figure 4 and Tables 2 and 3 about here--
Inter-Regional Dependence of High Prices
Of particular interest to participants in the NEM are high prices, which result from supply and demand imbalances and are called 'spikes'; see Kanamura &Ōhashi (2007) and Smith (2010) for discussions on the formation of intraday prices. Generators in low price regions would like to export electricity to higher price ones (once any physical loss due to transmission is taken into account). We can also compute the probability of high prices in one region, given low prices in another. That is, for two regional prices and , and for two dollar values > , Pr( > | < ) can be computed from the fitted model in the same manner as the tail dependence measures. Table 3 also reports Pr( NSW > $75| VIC < $55) and Pr( VIC > $75| NSW < $55), where a price gap of 20$/MWh is likely to result in profitable export from the low price region to the high price region. The probabilities are not equal, and suggest that VIC is more likely to export electricity to NSW during periods of high prices, rather than the other way around. The results differ by choice of copula, further highlighting the importance of copula choice.
Discrete Margins
Extending the Bayesian Method
We outline how to extend the approach to the case where all margins are discrete-valued, although the case where there is a combination of continuous and discrete margins is similar.
Following Pitt et al. (2006) we treat as latent variables and generate their values as follows.
When is discrete, is many-to-one and Therefore, if ∖ = { ∖ }, we generate one at a time from the density
constrained between lower bound and upper bound , with and 2 the usual conditional mean and variance from a normal distribution.
We provide the full sampling scheme in the Appendix, but highlight here the more involved steps. Let ⋅ = { 1 , . . . , } and ⋅∖ = { ∖ ⋅ }. We generate , Γ, each conditional upon , but generate , each conditional upon ⋅∖ to improve the mixing of the Markov chain. To derive the reduced conditional distributions, we note that
where , , and 2 are as given in equation (5.2) and Φ( ; , 2 ) is the distribution function of a normal random variable with mean and variance 2 . Also, notice that , are functions of ( , , ), and that , are functions of ( , , , Γ). Then we generate and using MH with the same proposal for as in Section 3.2 and a random walk proposal for . The posterior
When the margins are discrete we define BCV( ) = [ ∏P r( = ( )| ( )) ] 1/5 , which uses the predictive probability mass function under model . As in the continuous case, we can approximate the mass function using the Monte Carlo iterates, with
} , where
) is the left-hand limit of at . Here, ★ is the same Gaussian distribution function as at equation (2.10).
Modelling Website Exposure
Discrete-valued regression and choice models are common tools in contemporaray econometric analysis (Cameron & Trivedi 1998) . Much existing analysis is univariate, but a multivariate analysis using copulas has strong potential in many areas; see Cameron et al. (2004) for an example in health economics and Danaher & Smith (2009) for several in marketing. We consider one such marketing example here, where we model ordinal-valued website exposure data. The data were collected by ComScore Networks and made available by subscription via the Wharton Research Data Service. It consists of the recorded internet activity from a randomly selected subsample of 100,000 members of a panel of over two million internet users from across the United States. We follow Danaher (2007) and measure exposure to a website during an internet session by the number pages viewed at each site. To demonstrate the advantages of using the skew t copula, we examine the exposure to the top 15 websites 3 , which are listed in Table 4 .
The data are collected at the machine level (mostly home PCs and laptops) and we restrict attention here to all machines that had recorded internet activity on 1 May 2007.
This results in a dataset with = 50, 217 observations (each of which corresponds to a machine) of the number of pages viewed at 15 websites (each of which corresponds to a margin). The sample mean and proportion of non-zeros in each margin is reported in the last two columns of Table 4 . A popular model for ordinal exposure data, including for website page views, is the negative binomial distribution (NBD); see and Danaher (2007) . We use this for the marginal models and estimate them joint with the copula parameters.
4 Table 4 contains details on the posterior means of the NBD parameters when a skew t copula is used, along with the estimated mean exposure (entitled the 'reach') and the probability of any exposure for each website. The NBD provides an excellent fit.
Usually, advertisers are interested in functions of the vector of exposure counts =
( 1 , . . . , 15 ) ′ , rather than the whole multivariate distribution of . This is because in an advertising campaign banner ads are placed upon multiple websites, not just one. The most common function is total exposure across all websites in an advertising campaign, denoted here for our 15 sites as TE = ∑ 15
=1
. Even though the managerial requirement is just a sum of the exposures, the full multivariate model is necessary due to inter-website dependence. Models which capture the multivariate distribution first, then use this distribution to estimate TE, dominate simpler models that directly estimate the distribution of TE (Danaher, 1991) . Knowing the distribution of TE also enables the estimation of key advertising metrics, such as total reach, defined as Pr(TE ≥ 1).
-- Tables 4 and 5 about here.-- Table 5 contains the distribution of TE over the 15 websites for both the fitted skew t copula and symmetric t copula. These are computed by simulating from each parametric model at the end of each sweep of the sampling scheme to give a Monte Carlo iterate of TE.
Also included are the empirically observed relative frequencies in the second column, and model accuracy is assessed by comparing these with the probabilities obtained from the two parametric models. We use two measures popular in the marketing literature (Leckenby & Kishi 1984; Danaher 1991) . Denote = Pr(TE = ) andˆas the observed and estimated exposure distribution probabilities, respectively. The first metric is called the relative error in reach (RER), and the second is the error in exposure probabilities over reach (EPOR), where
We limit the EPOR calculation to 15 exposures as there is little managerial interest in exposures beyond this range. The RER and EPOR measures are reported in Table 5 and are substantially lower for the skew t copula. This suggests an improved fit, something confirmed by the BCV criterion reported in Table 5 and pairwise tests between 5-fold BCV metric values.
Discussion
Various skew t distributions have been applied to problems in econometrics and elsewhere; for example, see Aas & Haff (2006) and Panagiotelis & Smith (2008) . However, their usefulness is restricted in empirical work because there is only a single degrees of freedom parameter .
However, when used to form a copula they have great potential. Joe (1997) and Patton (2006) show that flexible bivariate copulas with asymmetric tail dependence are useful in applied analysis. A skew t copula can account for a wider form of nonlinear dependence than a symmetric t copula, but is one of only a few that can be used in practise in higher dimensions.
For example, because it allows for asymmetric pairwise tail dependencies, it could be used in a multivariate extension of the bivariate study of contagion in the financial markets by Rodriguez (2007) . As far as we are aware, Demarta & McNeil (2005) were the first to suggest constructing a skew t copula, although they employ a different form of skew t distribution.
Recently, Sun et al. (2008) use this copula to study dependence in the German equity markets and Ammann & Süss (2009) to account for dependence between changes in volatility and equity returns. Estimation is via either simulated maximum likelihood or the EM algorithm, and they find that this skew t copula is preferable to the t copula.
We instead construct a skew t copula using the distribution of Sahu et al. (2003) . Extending the Bayesian method to other conditionally Gaussian constructions, such as that of Azzalini & Capitanio (2003) , requires only minor modifications to Steps 2 and 3 of Algorithm 2. This type of skew t distribution is currently the most popular form (see the discussions in Genton 2004) and different to that employed by Demarta & McNeil (2005) .
We show that Bayesian estimation is particularly attractive, with alternative approaches to estimation difficult to implement for our proposed copula. This is also true for other skew t copulas when there are discrete margins, or when joint estimation of marginal and copula parameters is required. Moreover, when the dimension is high, the Bayesian covariance selection approach outlined in Pitt et al. (2006) can be used to identify parsimony in Γ −1 , and the Bayesian skew selection approach of Panagiotelis & Smith (2010) to identify zeros in .
Our analysis of market integration in the Australian electricity market shows that there is strong nonlinear dependence between regional prices. There is also evidence of nonlinear dependence in foreign exchange (Patton 2006) and equity (Rodriguez 2007) returns, so that our approach has immediate potential here, although research on the specification of the dynamics of dependence is ongoing; see Asai & McAleer (2009) for a recent discussion.
Last, we also show how to estimate the copula model when the margins are discrete-valued.
Multivariate analysis of such data has strong potential in a number of areas, including microeconometrics, transport studies and marketing science. We demonstrate that here in the latter case with a study of website audience exposure, where a more accurate estimate of the dependence structure results in an improved estimate of the distribution of total exposure.
Part A: We first outline Steps 2 and 3 of Algorithm 2.
Step 2 draws ∼ Gamma( , ), with = ( + 2 )/2 and = 1 2 We sample one at a time, conditional upon the other elements of , from univariate constrained normals.
Part B:
We now outline the sampling scheme used in Section 5.
Algorithm 3: MCMC Scheme for Skew t Copula (Discrete Margins)
For = 1, . . . , :
Step 1. Sample from ( |{ ∖ }, ⋅∖ , Θ, , ) using MH.
Step 2. Sample from ( | , ⋅∖ , {Θ∖ }, , ) using MH.
Step 3. Sample from
Step 4. Sample one at a time from ( | , , Θ, { ∖ }) for all .
Step 5. Sample one at a time from ( | , , Θ, { ∖ }) for all , .
Step 6. Sample from (Γ| , { ∖Γ}, Θ, ) using the method of Pitt et al. (2006) or alternative.
Step 7. Sample from ( | , { ∖ }, Θ, , ) using random walk MH. 
where ( | ) is a Gamma density and the first product is over all , . Algorithm 3 features sampling from reduced conditionals in Steps 1 & 2, so that the order of Steps 1-3 is important.
However, because Algorithm 2 is a MH-within-Gibbs scheme, the order in which parmeters and latents are sampled can change.
Part C: Last, we provide some computational details. We run the sampling scheme for a burnin period of 100,000 iterates, after which a further 100,000 iterates are collected to form Table 5 : Total exposure distributions for the website exposure example. These are reported for both the fitted symmetric and skew t copula models, and also for the observed empirical distribution. The marketing metrics RER and EPOR are also reported for the two parametric models, with low values indicating improved alignment with the observed empirical distribution. The BCV criteria is also reported. 
